Abstract-The uplink of a multiuser cognitive radio network, wherein secondary users communicating with a secondary access point coexist with primary users communicating with a primary access point, is considered in this paper. Primary and secondary users' signals coexist in the same frequency band, and the transmit powers of the secondary users are constrained so that the interference from the whole secondary network to each primary user does not exceed a prescribed threshold. Given this constraint, a noncooperative power control game for maximum energy efficiency with a fairness constraint on the maximum received powers for the secondary users has been considered. The considered game is shown to admit a unique Nash equilibrium, also in the case in which energy efficiency is maximized with respect to both transmit power and choice of the linear uplink receiver. Based on large system analysis, a one-shot procedure for computing the users' transmit powers at the Nash equilibrium with no need for iteration among users is also derived. Numerical simulations confirm the theoretical results on the existence and uniqueness of the Nash equilibrium, confirm the effectiveness of the results obtained through the large system analysis, and show that secondary users have a beneficial impact on the whole network throughput, at the price of a moderate degradation in the performance of the primary users.
I. INTRODUCTION C OGNITIVE radio [1] is a new paradigm wherein, in order to efficiently exploit the available radio spectrum, unlicensed (secondary) users may access licensed frequency bands. A great deal of research has been carried out in recent years on cognitive radio techniques, since there is widespread interest in this technology, and the U.S. Federal Communications Commission (FCC) has already expressed its interest in allowing un- S. Buzzi is with Consorzio Nazionale Interuniversitario per le Telecomunicazioni (CNIT), 43100 Parma, Italy, and also with DAEIMI, University of Cassino, 03043 Cassino (FR), Italy (e-mail: buzzi@unicas.it).
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licensed access to spectral holes in the television (TV) broadcast bands [2] , while, simultaneously, the IEEE has founded the 802.22 working group with the mission to come out with a physical layer standard for opportunistic access to TV frequencies. Classical cognitive radio is based on the use of temporarily unused frequency bands, and so its implementation requires that proper spectrum sensing procedures must be deployed so that white spaces are detected, and, mostly important, secondary users interrupt their communications as soon as a white space becomes no longer white, i.e., it is again used by the primary users. It is apparent that this is a quite difficult task, especially when it is to be implemented in a simple device with limited hardware capabilities and computational power. An alternative approach, instead, is based on the idea that secondary users are allowed to transmit in the same frequency band licensed to an active primary network, but subject to the constraint that they must not be too much disturbing for the primary users. This may be for instance the case in which a secondary network is active within a small area, and a proper setting of the transmit powers for the secondary users may enable communication in a licensed band with very limited disturbance to the primary users' communications. In this latter approach, thus, there is no need for spectrum sensing procedures, and, upon simple cooperation between the primary and secondary network operators, some additional revenue can be made available for the primary operator, while secondary users are able to rent spectrum usage rights at a cheap price. In the very recent past several studies have appeared in the open literature focused on this alternative view of cognitive radio. Just to cite a few, the paper [3] proposes a power control scheme for the case in which there is only one primary user and several secondary users; the study [4] , assuming that there is only one primary and one secondary user in the network, proposes an opportunistic transmission scheme that is based on the assumption that the cognitive user has knowledge of the channel coefficients for all links, and exploits this knowledge to tune her transmit power. The paper [5] considers a Poisson random network model, wherein each primary user has a preassigned probability to transmit in each available time slot, and develops a power control algorithm for the secondary users exploiting instantaneous and local spectrum opportunities without causing unacceptable interference to primary users; in the study [6] , the tool of geometric programming is used to develop a distributed power control algorithm aiming at maximization of the total capacity of the secondary network subject to an interference constraint to primary users. Finally, in [7] admission control algorithms are presented for the case in which the interference from secondary users to primary users is below a prescribed threshold and the signal-to-interference plus noise ratio (SINR) for secondary users is larger than a desired level for QoS insurance, while in [8] a dynamic spectrum sharing problem is examined for the case in which primary users exhibit on-off behavior, and secondary users fairly share the available spectrum subject to some QoS constraints. See also [9] for a survey of other recent available techniques for dynamic spectrum access in cognitive radio networks.
In this paper, we focus on the uplink of a system wherein an infrastructure wireless secondary network coexists (sharing the same frequency band) with an infrastructure wireless primary network (see Fig. 1 ). The performance measure we consider, in keeping with a customary approach initiated by [10] , is energy efficiency at the physical layer, which is measured in bit/Joule, and gives the number of bits that are successfully (i.e., errorfree) delivered to the receiver for each unit of energy taken from the battery and used for transmission; in particular, we resort to a game-theoretic approach to obtain distributed (i.e., non-cooperative) resource allocation schemes for maximization of the individual energy efficiency of each user, subject to an interference constraint to the primary users and to a fairness constraint for the maximum received powers of the secondary users. Indeed, game theory [11] , a branch of mathematics that has been applied primarily in economics and other social sciences to study the interactions among several autonomous subjects with contrasting interests, has been proven useful for the design and analysis of communication systems, primarily with application to resource allocation algorithms [12] , and, in particular, to power control [13] . Several studies have used so far game-theoretic tools to maximize energy efficiency in wireless networks. In [10] , [14] , [15] , for a multiple access wireless data network, both noncooperative and cooperative games are introduced, wherein each user (i.e., terminal) chooses her transmit power in order to maximize its own utility, defined as the ratio of the throughput to transmit power. While the above studies consider the issue of power control assuming that conventional matched filters are used by the receiver, [16] , adopting a cross-layer design philosophy, considers the problem of joint linear receiver design and power control so as to maximize the utility of each user. It is shown here that the inclusion of receiver design in the considered game brings remarkable advantages, and, also, results based on the powerful large-system analysis (LSA) [17] are presented. In the more recent paper [18] , instead, an energy efficiency-delay tradeoff is quantified: more precisely, users maximize their own energy efficiency with a constraint on the maximum delay outage probability. Recent references dealing with game-theoretic power control include [19] [20] [21] [22] . The results of [16] have been then extended in [23] to the case in which the users' spreading codes are included in the tunable parameters for utility maximization. The study [23] shows that significant performance gains can be obtained through the joint optimization of the spreading code, the transmit power and the receiver filter for each user. Finally, [24] considers the problem of joint power control and linear receiver optimization for energy efficiency maximization in an asynchronous network subject to multipath.
This paper provides a first extension of the above results to the case in which a cognitive secondary network coexists with a primary network. We consider a system wherein there is no Fig. 1 . Considered scenario with a primary and a secondary network sharing the same frequency band. It is assumed that some sort of cooperation between the primary AP and the secondary AP may be possible.
cooperation among primary and secondary users, but only a cooperation between the primary access point (AP) and the secondary AP: the primary AP communicates to the secondary AP the interference cap that primary users are willing to bear. Although a constraint on the maximum delay outage probability could be easily included in our analysis as done in [18] , we do not consider here quality of service differentiation among users for the sake of simplicity. The contribution of this paper may be summarized as follows.
-A noncooperative game is proposed and analyzed for energy efficiency maximization for the primary and secondary users, assuming that the maximization is carried out with respect to 1) the transmit power and 2) the transmit power and the choice of the uplink linear receiver. It is shown that both the proposed games admit a unique Nash equilibrium (NE). -The scenario wherein the primary and the secondary AP cooperate to improve detection performance of the primary users is also considered for benchmarking purposes. Also in this case two noncooperative games are proposed, namely energy efficiency (for both primary and secondary users) is again maximized in a noncooperative fashion with respect to 1) the transmit power and 2) the transmit power and the choice of the uplink linear receiver. Also for this case it is shown that a unique NE point exists for the considered games. -Using LSA, we design a new distributed power control algorithm that needs very little prior information (i.e., the channel gain for the user of interest) to be implemented. This algorithm provides in a one-shot fashion the transmit powers at the NE, with no need to iterate the game among users until convergence is reached. -Using LSA, we show how to predict the utility and SINR profile across users in a large system. Otherwise stated, based upon knowledge of general parameters such as number of active users and geometry of the considered scenario, LSA can be used to have a preliminary estimate of the network performance (in terms of utility and achieved SINR profile across users).
The remainder of this paper is organized as follows. Section II contains the description of the considered scenario and of the signals' model. Section III illustrates the game-theoretic approach to the problem of energy efficiency maximization, and contains the proofs of the existence and uniqueness of the NE for the considered noncooperative games. Section IV extends the results of Section III to the case in which the primary and the secondary AP cooperate to improve the system performance of the primary network. Section V is devoted to the LSA-based derivation of the one-shot power control procedure, while Section VI dwells on the discussion of the abundant numerical results. Finally, Section VII contains the conclusion.
II. SCENARIO DESCRIPTION AND SYSTEM MODEL Consider a cognitive scenario wherein a primary and a secondary infrastructure network coexist sharing the same frequency band (see Fig. 1 ), and using a nonorthogonal multiple access scheme, e.g., code division multiple access (CDMA). We assume that there are primary (i.e., licensed) users communicating with the primary AP, and secondary (i.e., unlicensed) users communicating with the secondary AP. Focusing on the reverse communication links (i.e., mobile stations to AP), secondary users' signals will be an additional source of interference for the primary users' signals at the primary AP, and viceversa. While primary users have no particular constraint, secondary users, in keeping with the cognitive radio paradigm, are constrained to transmit at a power level such that the overall interference caused by all the secondary network to each primary user does not exceed a prescribed level. Note that our system is different from traditional cognitive systems, wherein secondary users detect unused frequency bands (the so-called white spaces) and opportunistically use them. Here, in order to make the system simple, no detection overhead is needed, since secondary users transmit in the same frequency band used by the primary users; however, there is a control on the transmitted power so that there is a cap to the maximum interference that secondary users may bring to the primary users. It is thus assumed that the primary AP may communicate to the secondary AP the maximum power levels at which the secondary users may transmit. The primary network operator has an incentive to grant access to the secondary users, since he may obtain some revenue by allowing secondary unlicensed users to use the same frequency band assigned to primary users; of course, secondary users pay very little for the use of such a band but this comes at the expense of some limitation in their achieved performance.
Denoting by and the channel coefficient between the th primary user and the primary and secondary AP, respectively, by and the channel coefficient between the th secondary user and the primary and secondary AP, respectively, and by and the -dimensional spreading code assigned to the th primary and secondary user, respectively, with the system processing gain, the discrete-time samples of the signal received at the primary AP and corresponding to one symbol interval can be stacked in the following -dimensional vector :
(1) In the above equation, , the additive noise contribution, is modeled as a zero-mean complex white Gaussian random vector with covariance matrix , with the identity matrix of order , and denote the transmitted power by the th primary user and by the th secondary user, respectively, 1 while and denote the th user's data symbol; we assume here binary phase-shift-keying (BPSK) modulation, but extension to higher order modulation formats is straightforward.
Similarly, the -dimensional data vector representing the discrete-time data received at the secondary AP can be written as (2) wherein is again a zero-mean complex Gaussian random vector with covariance matrix . Assume now that a linear decision rule is used at the APs, namely a decision on the th primary data symbol is taken according to the rule (3) with denoting transpose and the -dimensional detection vector for the th primary user. Similarly, a decision on the data symbol is taken according to the rule (4) with the -dimensional detection vector for the th secondary user. The choice and corresponds to a matched filter (MF) detector, while, instead, for the well-known linear minimum mean square error (LMMSE) detector we have It is easy to show that the SINR at the output of the linear receive filter for the th primary and secondary user can be written as in (6) and (7) shown at the bottom of the page, respectively. Among all the possible linear receivers the LMMSE is the one that maximizes the output SINR; using standard linear algebra techniques it can be shown that, when using an LMMSE receiver, the (maximum) output SINR can be expressed as (8) and (9) for the th primary and secondary user, respectively.
III. GAME-THEORETIC APPROACH TO ENERGY-EFFICIENT RESOURCE ALLOCATION

A. Energy Efficiency as an Utility Function
Assume that each mobile terminal sends its data in packets of bits, and that it is interested both in having its data received with as small as possible error probability at its reference AP, and in making careful use of the energy stored in its battery. Obviously, these are conflicting goals, since error-free reception may be achieved by increasing the received signal-to-noise ratio, i.e., by increasing the transmit power, which of course comes at the expense of battery life. As detailed in [14] , [16] , [23] , a useful approach to quantify these conflicting goals is to define the utility of the th user as the ratio of its throughput, defined as the number of information bits that are received with no error in unit time, to its transmit power [10] , [14] , i.e., 2 (10) 2 We use in this section the notation x in place of x and x , to avoid duplicating all the definitions given in the sequel:
Note that is measured in bit/Joule, i.e., it represents the number of successful bit transmissions that can be made for each Joule of energy drained from the battery and used for transmission. Denoting by the common rate of the network (extension to the case in which each user transmits with its own rate is quite straightforward) and assuming that each packet of symbols contains information symbols and overhead symbols, reserved, e.g., for channel estimation and/or parity checks, the throughput can be expressed as (11) wherein denotes the probability that a packet from the th user (either primary or secondary) is received error-free. A customary approach is to assume that is an increasing function of the th user's SINR , which is naturally the case in many practical situations, and to replace with an efficiency function , that is an S-shaped, non-decreasing function, converging to unity for increasing and approaching zero for , and with a continuous first order derivative. A widely accepted efficiency function is (12) Although the results of this paper apply to any efficiency function having the above-noted properties, in the following we will adopt the model (12), and we also assume that the efficiency function is the same for all the users. Substituting (11) into (10) and replacing the probability with the efficiency function (12), we thus obtain the following expression for the th user's utility: (13) 
B. Interference Cap
Based on the above definitions, we can consider how each user can maximize her own utility and how this maximization will affect other users' utilities. In particular, we are interested in a noncooperative scenario, wherein each user tries to maximize her own utility autonomously and selfishly, i.e., with no care for other users' utilities. While primary users may behave with no external constraints, secondary users are forced to transmit at a power level that does not cause too much interference to the primary users. We thus assume that there is a certain amount (6) (7) of cooperation between the primary and the secondary AP, so that the primary AP sends to the secondary AP the maximum powers at which secondary users may transmit. To see how this may be done, note that the maximum interference caused by the secondary network to the th primary user when the primary AP is decoding this user is written as (14) with the maximum transmit power for the th secondary user, and the primary AP must ensure that for any , with the interference cap for the th primary user. Moreover, for the sake of fairness among secondary users, we also require that their maximum transmit powers are such that they may be received at the secondary AP with the same strength, i.e., (15) with a suitable constant to be computed in the following. Substituting (15) into (14), relation can be written as (16) for any , i.e.,
Now, (17) , coupled with (15), may be used to obtain the maximum power at which each secondary user may transmit. For the case of MF detection, we have , and the maximum transmit power for the th secondary user, can be finally expressed as (18) for any . For the case in which an LMMSE detector is used, instead, exact computation of the maximum transmit power for the secondary users appears to be more involved, since the LMMSE receive vector depends itself on the transmit powers of all the active users. However, since for the LMMSE receiver we have we will conservatively use the maximum powers in (18) also for the case in which an LMMSE detector is used at the receiver, as will happen when utility maximization with respect to the choice of the uplink linear receiver will be considered.
C. Proposed Noncooperative Games
Getting back to the problem of competitive utility maximization in the considered cognitive multiuser environment, game theory provides a useful framework to analyze these scenarios and to study whether a stable point exists. Formally, a noncooperative game can be described as the triplet , wherein is the set of active users participating in the game, is the set of possible actions (strategies) that user can take, and is the th user's utility (13) . As an example, if each user may tune its transmit power only, then we have , with the maximum allowed transmit power for the th user. An NE [11] for the game is defined as a profile of strategies such that no user can unilaterally improve its own utility by changing its strategy, assuming that the other users' strategies are fixed, i.e., the point is an NE point if, for every user , we have (19) When, for a given game, a unique NE point can be shown to exist, successive utility maximization from the several players of the game results in an iterative algorithm that is guaranteed to converge to a unique stable fixed point, namely the NE point.
For the considered scenario, we now consider a noncooperative game wherein each user tries to maximize her own energy efficiency, as reported in (13) , with respect to the transmit powers. We denote by the maximum allowed transmit power for the th primary user, while, we recall, the maximum transmit power for the secondary users is reported in (18) . The following result can be now stated.
Proposition 1: Consider a noncooperative power control game wherein each user tries to maximize the utility reported in (13) The proof comes from an extension of the ones reported in [14] and [16] . Following [26] [27] [28] , an NE exists in the considered game if for all the players the strategy space is a nonempty, convex and compact subset of some Euclidean space, and if the utility of the generic th user is continuous with respect the ( )-dimensional vector of the transmit powers of all the users and quasi-concave 3 in , for any . Since in the considered game the strategy space is a segment on the real line, it easily follows that it is nonempty, convex and compact. Consider now the utility function in (10) ; recalling that the th user SINR is proportional to its transmit power, i.e.,
, it is easily shown that (20) with . It is seen that the partial derivative (20) is zero at and at the transmit power such that . Since for arbitrarily small values of the utility (10) is positive (while being zero in ), it follows that utility is increasing in , and zero cannot be a local maximum. Let us thus consider the equation
, and substitute the efficiency function in (12); we obtain (21) It is easily shown that the above equation admits just one solution in , say , and, consequently, one solution in , say . Computing the second order partial derivative of the utility (10) at the power it can be verified that this point is a local maximum, hence a global maximum. This proves the quasi-concavity of the th user's utility in her power. To prove uniqueness of the NE, it suffices to note that since the best-response correspondence for this game (i.e., the power update so that the SINR is achieved) is a standard function, in the sense specified in [13] , uniqueness immediately descends.
In practice, the above proposition states that at the NE each user will be achieving a SINR , if she can afford to transmit at the needed power. Otherwise, this user will end up transmitting at her maximum allowed power. In this latter scenario the maximum transmit power achieves a non-global maximum of the utility function.
Let us now consider the case in which the utility is maximized with respect to the choice of the uplink linear receiver too. We have the following result. Otherwise stated, we can first take care of SINR maximization with respect to the uplink linear receiver, and then consider the utility maximization with respect to the transmit power. As already discussed, the LMMSE receiver is, in the class of linear receivers, the one maximizing the user's SINR. So, given a certain power allocation and receive vector for the generic th user, this user may increase her own SINR by switching to the LMMSE detector. Conversely, assigned a given output SINR, the use of the LMMSE receiver permits achieving that SINR with a lower transmit power, which translates in a larger utility. Accordingly, at the NE the receiver must be the LMMSE receiver. Now, recall that the SINR at the output of an LMMSE filter can be written as in (8) and (9), for the primary and secondary users, respectively. It can be easily verified that the th user's SINR at the output of her LMMSE filter is proportional to her transmit power, so that we have . Accordingly, the same reasoning of the proof of Proposition 1 can be invoked in order to show existence and uniqueness of the NE power allocation vector.
In practice, the NE for the above game is reached using the following iterative algorithm. First each user sets her receiver equal to the LMMSE receiver, and then her transmit power is set so as to achieve the SINR , using Yates' power control iterations [13] . By iterating several times this procedure among the several active users convergence to the NE is guaranteed.
IV. IMPACT OF COOPERATIVE DECODING OF PRIMARY USERS
Consider now the case in which there is a larger amount of collaboration between the primary and the secondary AP, and in particular that the secondary AP cooperates to aid data decoding for primary users by making its own received data vector available at the primary AP. 5 Accordingly, the following -dimensional data vector may be formed at the primary AP (23) with , , , , " " denoting kronecker product, and 5 Note that we are here assuming that a high-rate communication links exists between the primary and the secondary APs. Although this assumption may look unrealistic and rate-constrained links should be considered, this scenario is considered for benchmarking purposes, i.e., to have an estimate of the ultimate performance limits that any practical cooperation scheme may achieve. the 2 2 identity matrix. A decision rule for the data symbol of the th primary user is now expressed as sign (24) where is the -dimensional detection vector for the th primary user. It easily follows that the maximum interference from the whole secondary network at the output of the receive filter of the th primary user is now written as (25) Denoting by and by the -dimensional vectors made of the top entries and of the lowest entries of the -dimensional vector , respectively, and considering the secondary users' fairness constraint (15) , it is easily shown that the transmit powers for the secondary users must be such that (26) for any . It thus follows, as shown in (27) at the bottom of the page, and, using (18) the maximum transmit powers for the secondary users may be computed. Now, equipped with the above notation, we again consider the problem of noncooperative power control for energy efficiency maximization. In particular, the following results hold. Proof: The proof is omitted for the sake of brevity.
V. DISTRIBUTED POWER CONTROL ALGORITHM BASED ON LSA
It is clear from previous sections that implementation of the proposed noncooperative game needs a power control algorithm, such as the one outlined in [13] , so as to obtain the transmit power level needed to achieve the target SINR. Classical power control algorithms require knowledge of at least the uplink SINR for each user, or, alternatively, are implemented through iterative procedures [25] , [29] that may suffer from slow convergence and excess steady-state error. In the following, mimicking the methodology outlined in [23] , instead, we show that LSA may lead to power control algorithms that can be implemented in a distributed fashion and that require as little knowledge as the channel coefficient for the user of interest only. Moreover, the algorithm that we are going to illustrate is not iterative, in the sense that each mobile terminal may compute its own transmit power in a one-shot procedure, with no need to iterate between users until convergence is reached. In the sequel, we assume that an LMMSE receiver is adopted (namely the energy efficiency is maximized with respect to the uplink linear receiver) and, for simplicity, that , for any . Note also that the LSA-based results are more and more accurate as and increase: in this case, we have also some robustness in a dynamic scenario, wherein some users may enter and/or leave the channel. Indeed, since our predicted values for the SINR and the energy efficiency depend on the ratio and not on their individual values, it descends that, for large and , possible limited variations in these quantities do not have a strong impact on their ratio, and, thus, on the accuracy of the LSA-based analysis.
A. LSA-Based Power Control for Primary Users
Our starting point is the study [17] , wherein a CDMA system with processing gain and number of users both increasing without bound but with their ratio fixed, and with randomly chosen, unit-norm, spreading codes is examined. For such a system, it is shown that the SINR of each user for the (27) case in which an LMMSE receiver is adopted converges in probability to a nonrandom constant. In particular, denoting by the expectation with respect to the limiting empirical distribution of the received powers of the interferers, the SINR of the MMSE receiver for the th user, say , converges in probability, for with , a constant, to , the unique solution of the equation (28) where is the received power of the th user. Interestingly, the limiting SINR depends only on the limiting empirical distribution of the received powers of the interferers, the load , the thermal noise level and the received power of the user of interest, while being independent of the actual realization of the received powers of the interferers and of the spreading codes of the active users. Importing (28) to our context, and replacing the statistical expectation with a sample mean, we have that the SINR of the th primary user is the solution to equation (29), shown at the bottom of the page. Now, assume that secondary users transmit at their maximum power, i.e., (30) Recalling that , , and assuming, for the moment, that , for any , after some algebra (29) may be written as (31) The above relation depends on the channel coefficients ratios for the secondary users. In order to circumvent this drawback, we recall that in [30] (see also [31] ) the following result has been shown:
Lemma: On denoting by the cumulative distribution function (CDF) of the independent and identically distributed random variates , with
, and by the vector containing the s sorted in non-increasing order, we have that converges in probability, for increasing , to , . Roughly speaking, the above lemma states that if we sort a large number of identically distributed random variables, we obtain a vector that is approximately equal to the uniformly sampled version of the inverse of the common CDF of the random variables. Accordingly, denoting by the CDF of the channel coefficients ratio , (31) can be now approximately written as (a procedure for computing is reported in the Appendix):
(32) The above equation can be numerically solved in order to obtain the value of such that equals the target SINR . Once has been found, each primary user may find her own transmit power through the relation (33) In practice, however, the fact that there is a maximum transmit power is to be taken into account, and a successive refinement of this procedure is needed. The number of primary users transmitting at the maximum power, say, can be found according to the relation (34) with the unit-step function. Now, it is reasonable to assume that the primary users transmitting at the maximum power are the ones with the smallest channel coefficients. Letting denote the CDF of the channel coefficients (see [23] for a procedure to compute this CDF), the said smallest channel coefficients, by virtue of the above lemma, are well approximated by the samples , with . Accordingly, letting , (29) can be now written as in (35), shown at the bottom of the next page. Equation (35), with , is to be numerically solved in the unknown in order to obtain the power received at the primary AP from the th primary user. Note that the equation is formally independent from (indeed the target SINR is the same for every primary user), and may thus be solved only once at the AP. Then, the transmit power for the th user is simply obtained as follows:
Note that the above relation permits obtaining the transmit power (at the NE) for the th primary user based only on the (29) knowledge of the solution to (35) and of the channel coefficient . With no need for iterating among primary and secondary users, (35) and (36) permit computing through a one-shot procedure the transmit power for all the primary users.
1) How to Compute
: It should be noted that solving (35) requires knowledge of , which, we recall, is expressed as (37) For increasingly large, the quantity converges for any to , thus implying that the operator may be removed; moreover, we may assume that for large and randomly chosen unit norm spreading codes . We have thus
An alternative expression for in the large system limit may also be the following:
(39)
B. LSA-Based Power Control for Secondary Users
Following the same path as in the previous section, we can claim that in the large system limit the SINR for the th secondary user solves equation (40), shown at the bottom of the page. Now, we start by assuming that each secondary user is received at the secondary AP with the same power, i.e.,
Upon substitution of the above formula into (40) we have (42) Now, note that in the denominator of the above equation there are the quantities , for , whose knowledge would require estimation of the channel coefficient between the primary users and the secondary AP, as well as knowledge of the transmit power of the primary users. To circumvent this problem, we resort here to an heuristic approximation. Since the term is zero for and is increasingly converging to as grows large without bound, we can make the following approximation: (43) with a proper constant, depending on the geometry of the considered scenario, to be set through a trial and error procedure (in the plots to be presented in the sequel of the paper we assumed ). Based on the said approximation, we finally have
Solving in the above equation for we obtain the received power for the secondary users such that the target SINR may be achieved. Now, the solution is to be compared with the maximum received power for each user such that the fairness among secondary users and the interference constraint to the primary network is fulfilled. Two cases may happen: -If , we have that the transmit power for the th secondary user is written as 
(40) Fig. 2 . Utility at the NE versus the number of active users for several noncooperative games. It is assumed that there is the same number of users in both the primary and secondary network.
In summary, using (44), (45), and (46) the transmit power (at the NE) for the th secondary user may be obtained with no need for iterating among primary and secondary users.
C. LSA-Based Performance Prediction for the Cognitive Network
We now show how LSA arguments can be used to derive the utility, transmit power, and achieved SINR profile across users in the considered cognitive network with a large number of users. Based on the knowledge of the number of users, processing gain, geometry of the considered scenario and channel coefficients' statistics, an estimate of the performance enjoyed by the ensemble of the users can be obtained.
Equation (36), along with (45) and (46), provides the transmit power of the th primary and secondary user. Computing these equations for all the values of provides the ensemble of powers transmitted by the active users, i.e., the network power profile. Substituting these transmit powers into (35) and (44) permits computing the set of achieved SINR, and, finally, using (13), we can obtain the ensemble of the achieved utilities by the set of users active in the network. These profiles can be used as a planning tool. Indeed, since, as already discussed, they may be derived based only on general parameters such as number of active users, scenario' geometry and channel statistics, we are able to predict in advance the performance (in terms of achieved SINR and energy efficiency, but also throughput) of a network with a given number of users.
VI. NUMERICAL RESULTS
We consider a scenario wherein there is a primary AP at the center of a square of square meters (1000 1000 m); the secondary AP is placed at 300 m from the primary AP. While primary users' locations are assumed to be uniformly distributed within the considered area, secondary users' locations are uniformly distributed in a square of square meters (100 100 m) centered on the secondary AP 6 : we are thus implicitly assuming that the secondary network forms a sort of small cluster included in the larger area covered by the primary AP. Both the primary and the secondary users' signals share the same frequency band by means of a direct sequence CDMA strategy. We assume uncoded BPSK modulation and consider the corresponding efficiency function . A processing gain , and a packet length is assumed; for this value of the equation can be shown to admit the solution dB. The considered rate is bps. The channel coefficients are assumed to be Rayleigh distributed with mean equal to , with being the distance of user from the AP. We take the ambient noise level to be W Hz, while the maximum allowed power is 0 dBW. We present the results of averaging over 10 000 independent realizations for the users locations, fading channel coefficients, and set of spreading codes. More precisely, for each iteration we randomly generate different -dimensional spreading code vectors with entries in the set . For simplicity, we also assume that the interference cap is the same for all the users, namely . Figs. 2-4 show the achieved average utility (measured in bits/Joule), the user's average transmit power and the average achieved output SINR at the NE versus the number of active users ( ). Different curves are reported for the primary and secondary users; also note that each point of the plots has been obtained assuming that an equal number of primary and secondary users would be present in the system. As an example, the results corresponding to the abscissa 16 refer to a network with eight primary users and eight secondary users. We have considered both the transmit power control game (which has been denoted by MF in the figures' legend) and the joint power control and uplink linear receiver design game (which has been Fig. 4 . Achieved SINR at the NE versus the number of active users for several noncooperative games. It is assumed that there is the same number of users in both the primary and secondary network.
denoted by MMSE in the figures' legend). For each considered game, we report three different curves corresponding to three distinct values for the interference cap, namely , and . Inspecting the figures the following remarks can be made: 1) the use of a linear multiuser detector such as the LMMSE receiver brings remarkable performance improvements with respect to the case in which energy efficiency is maximized only with respect to the transmit power with a conventional MF as a receiver; 2) there is some performance degradation as the number of users increases; 3) for a lightly loaded network secondary users enjoy on the average a performance superior to that of primary users; this seemingly odd behavior is due to the fact that secondary users are much closer to their reference AP than primary users do, and, consequently, enjoy a much better channel coefficient; as the number of users increases, interference becomes the main factor ruling performance and primary users end up receiving the better performance. To have a better view of how the number of primary and secondary users can impact the achieved energy efficiency, Fig. 5 , assuming an interference cap equal to , shows three-dimensional plots of the energy efficiency at the NE versus the number of primary and secondary users. Separate surfaces for the primary and secondary users' utility are reported for better clarity. Fig. 6 tries to answer to the following question: why should a primary AP grant channel use to a secondary network thus causing a performance degradation to its own customers? The answer is that maybe such a policy may lead to an increase in the overall throughput conveyed by both the primary and the secondary network and, if the primary AP is paid by the secondary AP, this may turn out to produce an additional revenue. Fig. 6 indeed, assuming an interference cap equal to , shows the total throughput, namely the quantity , at the NE versus the number of active primary and secondary users, for both the case in which energy efficiency is maximized with respect to transmit power or to both transmit power and uplink linear receiver. Focusing on this latter case, it is seen that, for any fixed number of primary active users, the maximum total Fig. 5 . Utility at the NE versus the number of primary and secondary users for the joint power control and receiver design noncooperative game for maximization of the energy efficiency. Fig. 6 . Three-dimensional plot of the total throughput at the NE versus the number of active primary and secondary users, for the power control game only and for the joint power control and uplink receiver design game.
throughput is achieved for a number of secondary users that is positive. Otherwise stated, allowing into the system a limited number of secondary users is (slightly) detrimental for the performance enjoyed by the primary users, but, from the network operator point of view, is convenient since it leads to an increase of the overall conveyed traffic and, thus, to a larger revenue. It is also seen that, as the number of primary users increases, the optimal (in the sense of the maximization of the total throughput) number of secondary users gets reduced. Also from this figure the great advantages of the LMMSE receiver with respect to the MF one clearly appear. Fig. 7 shows results referring to the case in which primary users enjoy cooperative decoding. Here an interference cap equal to has been considered. Fig. 7 shows the average energy efficiency at the NE for the primary users, assuming both MF and LMMSE detection. A performance comparison with the case in which there is no cooperation is also carried out. Results show that cooperation is beneficial to primary users, especially as the number of users increases. As an example, corresponding to the abscissa 28 (that is, 14 primary users and 14 secondary users active in the network) the energy Fig. 8 . Transmitted power profile across users across primary and secondary users, for the proposed distributed algorithm based on LSA, the conventional power control algorithm [13] , and the profile derived according to the algorithm in [17] .
efficiency for the primary users with LMMSE reception is less that bit J for the case of no cooperation, and larger than for the case in which there is cooperation: this means that, with the same amount of energy stored in the battery, ten times more data may be on average reliably transmitted at the receiver. However, as already discussed, recall that these curves should be considered for benchmarking purposes only, since real implementation of cooperative decoding requires a high data-rate communication link between the primary and secondary APs.
Figs. 8-9 corroborate the validity of the LSA-based distributed power control algorithm. We consider here a system with processing gain , with , i.e., a total of 160 active users in the network. The maximum transmit power for the primary users is here dBW. Fig. 8 shows the power profile across users obtained 1) by running the noncooperative energy efficiency maximization game with respect to the transmit power and uplink linear receiver and Fig. 9 . Achieved utility profile and achieved SINR profile across primary users, for the proposed distributed algorithm based on LSA, the conventional power control algorithm [13] , and the profile derived according to the algorithm in [17] .
waiting for the NE to show up; 2) by using the proposed LSA-based procedure but assuming knowledge of the channel coefficients for all the users; and 3) by using the proposed LSA-based procedure and replacing the channel coefficients with the uniformly spaced samples of the inverse CDF, as detailed in Section V. Results show that the curves closely follow each other, thus confirming the effectiveness of the proposed one-shot algorithm for the computation of the transmit powers at the NE. Fig. 9 , finally, shows the utility profile and the achieved SINR profile across users for the primary network. Also in this case the LSA-based results are compared with those coming out by the real NE outcome of the noncooperative game. It is again seen that there is a good agreement among the curves, thus confirming that the proposed LSA-based procedure can be used in the considered system not only to compute the transmit powers without making iterations among users and waiting for convergence, but also to predict the expected performance (in terms of energy efficiency profile and achieved SINR) based on the knowledge of general parameters such as the number of users in the networks, the number of users, and the statistics of the channel coefficients.
VII. CONCLUSION
This paper has considered noncooperative games for energy efficiency maximization in the uplink of a multiuser cognitive radio network, wherein secondary users communicating with a secondary access point coexist with primary users communicating with a primary access point using a nonorthogonal multiple-access scheme. It has been assumed that the maximum transmit powers from the secondary users be such that the interference from the whole secondary network to each primary user does not exceed a prescribed threshold, and such that a fairness constraint on the maximum received power at the secondary AP is fulfilled. The considered games have been shown to admit a unique NE point, and the system performance at the equilibrium has been thoroughly investigated through numerical experiments. An LSA-based procedure for direct computation of the equilibrium transmit powers at the NE and for the prediction of the performance profile of a large network has also been derived and its validity has been confirmed by the numerical results. Overall, results have shown that secondary users have a beneficial impact on the whole network throughput, at the price of a moderate degradation in the performance of the primary users.
APPENDIX
In this appendix, we briefly sketch how to compute the inverse of the CDF of the channel coefficients ratio . First of all, note that, denoting by and the distance of the th secondary user from the primary AP and secondary AP, and denoting by and two independent and exponentially distributed random variates with mean equal to one, we have (47) Let us first condition on these distances, and compute the following probability:
(48) Now, letting , from (48) it descends that the CDF of the channel coefficients ratio can be written as (49) with the probability density function of . Computation of the above integral may turn out to be quite involved, and a suitable strategy to circumvent this problem is to approximate the integral through a finite sum, obtained by quantization through a bi-dimensional grid of the random position of the th user in the considered area. As an example, recalling that secondary users are constrained to lay in a 100 m 100 m square box, we can approximate this area with a grid of equispaced points; letting be the realization of the ratio when the th secondary user is on the th point of the grid, we have that (50)
The above equation can be easily numerically inverted in order to obtain the inverse CDF . Although this procedure may appear computationally cumbersome, we remark that this must be run once and for all. Indeed, the CDF only depends on the geometry of the scenario (namely the locations of the APs and the secondary AP' coverage area) and on the statistics of the channel coefficients (here Rayleigh fading was assumed), but not on the true users' locations and/or channel realizations. The uniformly spaced samples of can be thus computed offline and stored for subsequent use.
